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SELF-CONSISTENT FIELD, INCLUDING EXCHANGE AND SUPER-
POSITION OF CONFIGURATIONS, WITH SOME
RESULTS FOR OXYGEN

By D. R. HARTREE, F.R.S., W. HARTREE axno BERTHA SWIRLES
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:):J‘ : 1. INTRODUCTION

> E The calculation of approximate wave functions for the normal configurations of the
2 13| ions O***+, O**+, O*, and neutral O, and the calculation of energy values from the wave
o 5 functions, was carried out some years ago by Hartree and Black (1933). In this work,
=0 the one-electron radial wave functions were calculated by the method of the self-
= uw

consistent field without exchange, but exchange terms were included in the calculation
of the energy from these radial wave functions. In the energy calculations, the same
radial wave functions were taken for each of the spectral terms arising from a single
configuration;* consequently the ratios between the calculated intermultiplet separa-
tions were exactly those given by Slater’s (1929) theory of complex spectra.f The ratios
between the observed intermultiplet separations, however, depart considerably from
these theoretical values (for example, we have for O**

(ID—18)/(*P—-1D), calc. 3:2, obs. 1-04: 1),

although the energies of the individual terms, and particularly the intermultiplet
separation between the lower terms, show quite a good agreement with the observed
values.

Approximate calculations by Levy (1934) showed that when exchange terms were
included, as in Fock’s (1930) equations, the resulting differences between the wave
functions for the different spectral terms would not be nearly large enough to account
for the observed deviations of the ratios of intermultiplet separations from the ratios
given by Slater’s theory. This made it appear likely that these deviations are due to
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- appreciable matrix components between the normal configuration and some excited
< configurations, so that the wave functions for the lowest states include appreciable
S ) PP

O E multiples of the wave functions for higher configurations superposed on that for the
~ 5 normal configuration, a situation which we will describe by the term ““superposition .
=

T ® * Strictly, the departure from spherical symmetry in the charge distribution of an incomplete (2p)
= w group would give rise to small differences between the radial wave functions for different spectral

terms arising from a single configuration, even when only terms in the equations arising from Coulomb
interactions are taken into account, and those arising from exchange interactions are omitted. But
these differences are of the same order as those due to exchange and are smaller than the main effect of
exchange, so there seems no significance in including them so long as exchange terms are excluded.

t See also Condon and Shortley (1935, chaps. 6, 7). For the comparison of ratios of intermultiplet
separations, observed and calculated from Slater’s theory, see Condon and Shortley (1935, chap. 7, § 5).

PHILOSOPHICAL
TRANSACTIONS
OF

Vor. CCXXXVIII. A 790. (Price 2s. 64.) 29 [Published 24 July 1939

= @
The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to [[& )2

Philosophical Transactions of the Royal Society of London. Series A, Mathematical and Physical Sciences. IINORY
WWWw.jstor.org


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A

a
)\
LU

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

) ¢

A \
V. \

>

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

230 D. R. HARTREE, W. HARTREE AND B. SWIRLES

of configurations”. [Condon and Shortley (1935) use the term ““configuration inter-
action” for this situation, and its effects on spectral terms and lines are often referred to
as “perturbations’’. But as the terms ““interaction” and ‘ perturbation’ are both used
in different senses from these in atomic mechanics, there seems to be a danger of
confusion in their use in this sense. Hence we have preferred to coin the term ““super-
position of configurations” rather than use “‘configuration interaction”.]

An estimate by Hartree and Swirles (1937) of the magnitude of the effect of super-
position of configurations on the energy values, using the wave functions of Hartree and
Black, seemed, however, to show that this effect would be about twice too large to
account for the observed intermultiplet separations. The position seemed not altogether
satisfactory, and with the development in the meantime of practical methods of
evaluating solutions of Fock’s equations, it seemed desirable to carry out calculations
for oxygen, and to revise the calculation of energy values using the resulting wave
functions.

When working with any approximation to the structure of an atom in which the wave
function for the whole atom is built up from one-electron wave functions, there are two
steps in the calculation of energy values at which approximation is involved, first in the
way in which the one-electron wave functions are determined, and secondly in the way
in which the wave function for the whole atom is taken as built up out of them. In the
work of Levy and of Hartree and Swirles, the improved approximation resulting from
the inclusion of effects of exchange and of the superposition of configurations was
introduced in the second step only. Their inclusion in this step is the more important,
since the radial wave functions given by any reasonable approximation will probably
not be very greatly different from the best possible wave functions, and by the variation
principle the energy value is not sensitive to small variations in the wave functions. But
the intermultiplet separations are rather a refinement of the theory ; as will be seen from
the discussion of results, the second decimal in the ratio of intermultiplet separations
involves the fifth significant figure in the calculated energy values. It seemed worth
while, therefore, to find whether the use of the best obtainable wave functions would
greatly improve the agreement with the experimental energy values and particularly
with the ratios of observed intermultiplet separations.

The solution of Fock’s equations for the self-consistent field with exchange but without
superposition of configurations was carried out for O+++, O++, O*, neutral O, and O-.
It is possible also to include terms arising from superposition of configurations, as well
as those arising from exchange, in the equations for the one-electron wave functions,
though the solution of the resulting equations is much more lengthy than the solution
of Fock’s equations. However, to see the effect on the wave functions, and on the energy
calculated from them, it was decided to attempt the solution of these equations in one
case at least, and O* was chosen since only one of the spectral terms arising from the

normal configuration appeared likely to be seriously affected by the superposition of
higher configurations.
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ON SELF-CONSISTENT FIELD 231

It was found that although the coeflicient of the wave function for the higher con-
figuration was quite large (about 0-2), the one-electron wave functions calculated from
the generalized Fock equations, including exchange and superposition of the higher
configuration, differed surprisingly little from those calculated from the solution of
Fock’s equations, including exchange only. Also the results of the calculation of energy
values showed the discrepancy already shown by the estimates of Hartree and Swirles;
the effect of the superposition of configurations, as far as we have taken it, is nearly
twice as much as is required to account for the observed deviation from Slater’s ratios
of intermultiplet separations.

The small effect on the one-electron wave functions, and the small improvement in
the energy values, resulting from the use of the generalized Fock equations for O+
including superposition of configurations, seemed not enough to justify the carrying out
of the extensive calculations which would be needed to obtain the solutions of the similar
equations for the other states of ionization of oxygen.

2. GENERALIZATION OF FOCK’S EQUATIONS TO INCLUDE SUPERPOSITION
OF CONFIGURATIONS

We will consider in particular the normal configuration (1s)2(2s)2(2p)¢, which we
will call ““configuration 4”°, of an atom of atomic number N. The general argument,
and general forms of the results, will apply to any incomplete 8-shell outside closed
groups, but it is simpler and shorter to present the argument for a particular case.

Superposition of configurations can only occur if the two configurations have the
same parity (27 odd or even), and the terms arising from the two configurations must
(in Russell-Saunders coupling) have the same Land thesameS.* Theonly configuration
of the same parity as the normal configuration which does not involve a change of
principal quantum number is (1s)2 (2p)?*2, which we will call configuration B. This
involves the excitation of two electrons; other configurations, involving the excitation
of one electron with change of principal quantum number, namely (1s)% (2s) (2p)¢ (3s)
and (Ls)2 (2s)%(2p)?! (3p), may lie not much higher in energy, but the spatial extension
of their wave functions will be greater; their overlap with configuration 4, and hence
the extent to which they are superposed on it, will probably be less than that of con-
figuration B. Further, their inclusion would increase not only the complexity but the
number of equations to be solved, and, as a first step at any rate, it seemed best to
consider configurations 4 and B only. ,

Let ¥, be the normalized wave function, including exchange, for an (L, ) term
arising from configuration 4, and ¥} be that for the same (L, §) term arising from
configuration B; these will be taken as sums of determinants of one-electron wave
functions of central-field type,T and they will necessarily be orthogonal.

* See Condon and Shortley (1935), chap. 15, § 1 (p. 366).

t For example, see Hartree and Swirles (1937).
20-2
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232 D. R. HARTREE, W. HARTREE AND B. SWIRLES

By “superposition of configurations” we mean that we take the linear combination
W= (Vy+uWy)(1+p2) (1)

as an approximation to the wave function of the whole atom, where x4 is a parameter
whose value is to be determined by the variation principle. It does not seem necessary
to use the same radial wave functions in ¥, and ¥, but it seems doubtful if there would
be any significance in not doing so; also the already large amount of work involved in
evaluating a solution of the equations including superposition of configurations would
be greatly increased if different (2p) wave functions were taken in ¥, and ¥,. So we
have been content with the approximation in which the radial wave functions in ¥
are taken as the same as those in ¥,.
For ¥ given by (1), the energy integral

E~[veryar| [vevar
is given by (L+42) B = Hyy 4 p(Hyp+ Hyy) 412 Hyg,
where H,, = f ¥ *HWydr, etc. Writing E,, E, for the energy integrals for configurations
A, B alone, respectively, and E,, for the real part of H,j, this becomes

(1+u2) E = E - 2uE 5+ 1P Ep. (2)

TABLE I. COEFFICIENTS IN ENERGY FORMULAE, FOR WAVE FUNCTION

= (y+pW) |1+ 4%,

where ¥, is wave function for configuration (1s)2(2s5)2(2p),
¥, is wave function for configuration (1s)2 (2p)e+2.

Integral E, E,; E, (1+p? E
1(2s) 2 0 2 2(1+ u?)
1(2s) 2 0 0 2
1(2p) q 0 g+2 g+(g+2)
Fy(1s, 1s) 1 0 1 1+ p?
Fy(ls, 2s) 4 0 0 4
Fy(Ls, 2p) 29 0 2(¢+2) 2[q+(¢+2) #*]
Fy(2s, 2s5) 1 0 0 1
Fy(2s, 2p) 2q 0 0 2q
£o(2p, 2p) 29(¢—1) 0 #g+2) (¢+1)  dle(g—1)+(g+2) (¢+1) 4]
Fy(2p, 2p) By 0 By BatPrn®
G,(1s, 2s) -2 0 0 -2
Gy(Ls, 2p) — 3¢ 0 —3(¢+2) —3lg+(q+2) 1]
Gy(2s, 2p) 1 Y 0 —3¢+2yu

Values of g, Bs, ¥
q 6 5 4 3 2 1
Term 1S 2p sp 1D 1S iS 2D 2P 5p 1D 1S p
T R e T T T T T e TR S
By - - - — =% - _ 5 -5 —us 0 0
y 0 0 0 0 3 0 0 2 I T oz e
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ON SELF-CONSISTENT FIELD 233

Written out in full, the expression of (1 x2) E consists of multiples of the integrals of
the type

I(al) = — [Pt ) [ 42 HEE >] P(nl|1)dr, (3)
Fy(nl, ') ”PZ nl | ) P2l | 7')- kHdrdr (4)
G, (nl, n'l') Upnu Pl | ) P(nl | 7') P( 'z'|r>k11drdr (5)

(r, being the smaller and 7, the larger of  and #’), with coeflicients given by Table I.
In this table the coefficients in the columns £, and £, and the values of f have been
found by Slater’s method,* and the values of y are taken from the paper by Hartree
and Swirles (1937).

The value of this expression for E has to be stationary for independent variations of
the radial wave functions P and of the parameter 4. Formal differentiation with respect
to P(2s) and P(2p) respectively, using the expressions (7)—(10) of D. R. and W. Hartree
(19365), gives equations for these functions, namely,

az 2
[t 2 AN — 28,15, 19) — ¥y(25, 20) — aTo(20, )} 65,2, | P(2)

(23, 2p) p

_I_?Zqﬁ.lrfz_?ﬁ P(1s) + (g —6yp) ! P(2p) =0, (6)
2 2 2q g(g—1)+(¢+2) (¢+1) 2
[27—2—1-;{N— 2Y,(1s, Ls) R ERCETY Y,(2s, 25) — PN PR Yy(2p, 2p)
2(B4+PBpi?) 2
q—_qq—_—'_“é)—ﬂ’ Y, (2ﬁ> 2p>}_ﬁ"'€2p, 2p] P(2p>
+§ .Y_vl_(l_‘;’_gp) P(LY)_'_?‘); q+Q(q_l6_7’g)ﬂ Y (2;, 2]7) (2&) — 0. (7)

From the condition that the value of E must also be stationary for variations of x, we

obtain from (2)
= (E—E,)|E,3,

or, eliminating £ between this result and (2),

(U =p2) = —E, ) (Ep—E,). (8)

Equations (6)—(8) form a generalization of Fock’s equations to include terms (those
in ) arising from the superposition of configurations 4 and B.

* See Slater (1929); Condon and Shortley (1935), chaps. 6, 7.
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234 D. R. HARTREE, W. HARTREE AND B. SWIRLES

The method of solving these equations is first to estimate a value of 4, and solve (6)
and (7) using this value; then to calculate the right-hand side of (8) from the solution,
and hence to obtain a ““final” value of #. The estimate of x is altered by trial and error
until the final value so obtained agrees with it. This requires a complete solution of the
extended Fock’s equations (6) and (7) for each trial value of 4, so that the work involved
in a single solution of the equations including superposition of configurations is as much
as in several solutions of Fock’s equations including exchange only. Fortunately the
radial wave functions P and the final value of 4 are not very sensitive to the estimate of z,
and the process of approximation to the correct value of x is quite rapidly convergent.
Even so, the amount of work involved is considerable.

If the superposition of other configurations, such as

(15)2(2s5) (2p)7 (3s) or (1s)%(2s)%(2p)77" (3p),

were taken into account, both the form of the equations and the process of deriving
them would be more complicated, there would also be more equations (one extra for
each new radial wave function such as (3s) or (3p), and possibly more, since it might
then be desirable to take different (2s) or (2p) wave functions for the different con-
figurations), and there would be further conditions of the form (8) to be satisfied ; and
the numerical work might be too formidable to be practicable.

3. ENERGY FORMULAE

In calculating energies, it is usually convenient to make use of the equations satisfied
by the radial functions P to eliminate some of the integrals from the energy formula,
and this is the case here. The values of £, and £, are wanted in two contexts, both in the
calculation of £ from (2), and in the calculation of the “‘final”’ value of x from (8).

To a sufficient approximation, the variations of the (1s) wave function can be
neglected; thisis certainly an amply good enough approximation as far as intermultiplet
separations are concerned, and even between different states of ionization the differences
are small and, by the variation principle, the contribution to the energy from the (1s)2
group Is insensitive to small variations of the (1s) wave functions from that of O*¢. Then
we can consider the energy of the (2s) (2p) shell due to its interaction with the O+6 core
and its internal interactions only ; and on substituting for d2P/dr? in 1(2s) and 1(2p) from
(6), (7) we get the energies expressed as the sum of multiples of integrals and of the
¢ parameters with coeflicients given in Table II.

Here the column headed E,(u# = 0) refers to the energy expression without super-
position of configurations; the other columns give the coefficients in the respective
expressions when the terms arising from the superposition of configurations are included
both in the equations from which the wave functions are calculated, and in the energy
formula (1); they do not apply if such terms are only included in the latter formula.
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236 D. R. HARTREE, W. HARTREE AND B. SWIRLES

The small number of integrals involved in Table II, compared with the number in
Table I, shows the practical advantage of working with the modified energy formulae
given by the substitution for d2P/dr? in the integrals.

It should be noted that, from the way in which the coefficients in the formula for
E,—E, in Table II were obtained, it follows that in calculating the ‘““final”* value of x
from (8), using this formula for E;—E,, it is correct to use the estimated value of y in
calculating these coefficients, rather than any better approximation to the ““final”
value.

4. PROCEDURE

The procedure used for solving both the Fock equations with exchange only, and the
generalized Fock equations (6), (7) for each estimate of y, was very similar to that used
for the (2s) (2p)3P excited state of Be (see D. R. and W. Hartree (19364)). There were
two main modifications based on the experience of work subsequent to that on Be;
first, the present work was done throughout with the equations for normalized wave
functions, the values of P/r’*! at r = 0 being adjusted by trial so that the solutions when
found were normalized, and secondly, that the work was started from estimates of the
P’s not of Z,’s.

As already explained, when the superposition of configurations is taken into account,
this solution of (6), (7) has to be carried out for a number of trial values of g, until
relation (8) is satisfied by the solution.

For each stage of ionization the solution of Fock’s equations with exchange only was
carried out first for the highest and for the lowest of the three spectral terms arising from
the normal configuration. Then radial wave functions P were interpolated, linearly
in f, for the intermediate term, and these estimates were always found to be adequate
(cf. Table I). For all but O*, the work was done to three decimals in P over the main
part of the range, but for O* it was improved tofour decimals, as the three-decimal results
did not seem likely to be accurate enough to show conclusively the effect of superposition
of configurations.

A rather thorough attempt was made to obtain a solution for O~~, but without
success; it seems rather well established that, to the accuracy of this approximation to
the structure of a many-electron atom, the O~~ ion cannot exist in the free state.

As already mentioned, the only solution of the generalized Fock equations, including
the superposition of configurations, was done for O*, for which the terms in £ and in
the equations are given by putting ¢ = 3 in Tables I, 1T and equations (6), (7). The
normal configuration gives S, 2D and 2P terms, of which only the last, the highest, is
subject to the superposition of the (2p)5 configuration. The value of 4, estimated from
(8) using values of E,, Fy calculated from the results of the solution of Fock’s equations
was — 0-18; four approximations were made, and the result of the final approximation
was —0-202 (the minus sign is of no significance, it depends on the convention of sign
adopted for the radial wave functions).
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5. Resurts. WAVE FUNCTIONS

The results for O+ are given in Table ITI, and those for the other states of ionization
in Table IV.

For O* all three normalized radial wave functions, namely (1s), (2s5) and (2p), are
tabulated for the lowest term (*S, f = —2) arising from the normal configuration, the
(25) and (2p) wave functions being given to the full four decimals retained in the
calculations. For the other terms (2D, f = —& and ?P, f = 0, the latter calculated
without superposition of configurations) the differences 4P from the wave functions for
the lowest term, namely,

AP = Py (upper term) — P, (lower term) (9)

are tabulated in units of the fourth decimal, to show how very small is the departure,
over this range, of the normalized wave function Py from a linear dependence on f.
If P, were exactly linear in f, the numbers in the columns headed 4f = % would be
0-6 of those in the corresponding columns headed 44 = £; actually the maximum
departure is hardly a unit in the fourth decimal for P(2s) and 2 in the fourth decimal
for P(2p), and this is hardly outside the range of possible effect of accumulation of
rounding off errors in the integration. The values of the Lagrange parametere, |,
a corresponding linear dependence on f. ,

For the upper state (2P, # = 0) the normalized radial wave functions P, themselves,
calculated without superposition of configurations (columns headed g = 0), are also
tabulated, for comparison with the values calculated including the termsin the equations
arising from superposition of configurations (columns headed 4 = —0-202), and the
differences A’ P arising from the effect of superposition of configurations are given. These
differences are small, less than 0-4 9%, of the maximum | P| for both wave functions;
they would hardly have been established with certainty by calculations to three decimals,
since in the third decimal they would be hardly greater than the possible effect of
accumulation of rounding off errors in the numerical integration.

The results for other states of ionization are tabulated in a more compact form, and
to three decimals only, in Table IV. The wave functions Py are given in full for the
lowest term only; for O** and O neutral, for which the normal configuration gives
three terms, the difference AP from the lowest term (cf. (9)) are given for the upper
term only, for the intermediate term they can be taken as proportional to £ in all cases.
This is justified by the comparison of the four-decimal results for O*, and had been
established by solution of the equations for the intermediate terms for the other states
of ionization, before these four-decimal results for O+ were calculated.

The effect of superposition of configurations on the wave functions for O* and on the
energy (cf. §6) was considered too small to justify the extensive calculations which
would be required to obtain the corresponding effects for the other states of ionization;
for O** all three terms 3P, 'D and !S are affected, and there seemed no object in carrying
out the calculation for one of these and not for the others.

, show

Vor. CCXXXVIIL. A. 30
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6. Resurts. ENERGIES

In calculating energy values, using the expression for the energy in which the
coefficients are given by Table II, we require the values of various F' and G integrals,
and the diagonal Lagrange parameters ¢ for the (2s) and (2p) wave functions. Values
of these integrals and parameters, calculated from the wave functions discussed in § 5
are given in Table V, and the energy values calculated from them, with some other
values for comparison, are given in Tables VI and VII.

TaBLE V. OxYGEN. F AND G INTEGRALS AND ¢ PARAMETERS

O+++ O++ O+ o) O-
—_— (n=0) (4= 0202) ———ou.
2p 3P 1S 48 2D 2p 2p ip 1S 2p
B 0 —1/5 2/5 —3/5 —6/25 0 0 —3/5 0 —4J5

-Fy(25,25) 0920 0-876 0-878 0-8336 0-8356 0-8369 0-8401 0-797 0-802 0-771
Fy(2s,2p) 0-954 0-898 0-884 0-8401 0-8348 0-8308 0-8340 0-773 0-766 0-705
Fy(2p, 2p) 1-004 0-930 0-897 0-8530 0-8398 0-8309 0-8333 0-754 0-736 0-651
F,(2p, 2p) 0473 0-434 0-413 0-3908 0-3828 0-3776  0-3793 0-336 0-325 0-278
G,(2s,2p) 0-579 0-548 0-540 0-5176 0-5120 0-5090 0-5109 0472 0465 0-421

€24 26 648, 496 500 3603 3633 3-653, 3743 248, 254, 1.625
€ap 2 572 409 3-61 2:653, 2488, 2:381, 2425 126, 1-10, 0-259
We will consider the results for O first, as this is the ion for which full calculations,
including the effect of superposition of configurations on the radial wave functions, were
carried out, and also because for this ion the calculations were carried to a greater
numerical accuracy. Four decimals are given in the values of the /' and G integrals, but
as in the calculation of £ some of these integrals occur with a coefficient 6, the fourth
decimal has no significance in the values of E, which are given to three decimals, of
which the last is not reliable to a unit.

TaBLE VI. O* ENERGIES

Observed
Calculated total energy of (2s) (2p) shell £(O%)
(@) (b) (©) (@) () —E(O*,3P)

1S, f=—3/5 —15-265 —15-265 —15-265 —1-290
D, f=—6/256 —15126 —15-126 —15-126 —1-167
P, =0 —15-031 —15-073 —15-077 —-1-105
2D —4S 0-139 0-139 0-139 0-129 0-129 0-123
2P—2D 0-095 0-053 0-049 0-087 0-046 0-062
2P 4§ 0-234 0-192 0-188 0-216 0-175 0-185
2P—2D
S 0-68 0-38 0-35 0-67 0-35 0-50

Methods of calculation

(a) Including exchange but not superposition of configurations, either in calculation of radial wave
functions or in energy formula.

(b) Wave functions calculated with exchange, superposition of configurations included in energy
formula only.

(¢) Exchange and superposition of configurations included both in calculation of radial wave functions
and in energy formula.

(d), (¢) Corresponding to (a), (b) but with wave functions calculated without exchange.
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Total energy values E for the (2s) (2p) shell, calculated in three different ways, are
given in Table VI. Those in column (¢) are to be regarded as the most accurate, as both
exchange and superposition of configurations have been included in the calculation
both of the radial wave functions and of the energy from those wave functions. The
energy values in columns () and () have been calculated from the wave functions
obtained by the solution of Fock’s equations with exchange but without the superposition
of configurations, which has also been omitted in the energy formula in obtaining the
results in column (), but included, in the energy formula only, in obtaining the results
in column (b).

The inclusion of superposition of configurations in the calculation of the energy
values in column (b), and in the corresponding energy values for the other states of
ionization which will be considered later, requires the solution of the equation

(Ey—E) (Ey—E) = (E4p)* (10)
(see Hartree and Swirles 1937, equation (4)). An approximation to the root near E, is
Ey—(E)* (B — Ey) (11)

(Hartree and Swirles 1937, formula (6)), but it is easy to find the root more accurately
by writing (10) in the form

E = E,— (B ) [(Ey—Ey) + (E,—E)], (12)

and using an iterative method, which converges very rapidly for the values of £, —E,
and E,; concerned. An expression for £;—E,, convenient for use in this context, is
given by putting # = 0 in the column headed E,—E, in Table II. Since E,—E is
positive, (12) shows that the use of the first approximation (11) gives an overestimate
of E—E; the degree of this overestimate, in the case of O* 2P, is -002 which is just
appreciable to the accuracy of the results in Table VI.

Comparison of columns (b) and (¢) shows that the full integration of the extended
Fock equations, including the effect of the superposition of configurations as well as
the effect of exchange, gives a final energy lower by only 0-004, or 1 part in 4000, than
the value obtained by neglecting the difference between the radial wave functions
calculated with and without the terms expressing the effect of superposition of con-
figurations. The smallness of this improvement in the energy values is, of course, related
to the minimal property of the wave functions calculated from the integration of the
extended Fock equations, and to the small differences between the wave functions
calculated with and without the superposition of configurations. As pointed out in § 5,
those differences are less than 1 in 200 of the maximum | P |, and it is not surprising that
the relative energy difference is of the order of the square of this relative difference in the
wave functions. As already mentioned, this improvement in the energy values was
regarded as not sufficient to justify the calculation of wave functions with superposition
of configurations for the other states of ionization. At the same time, the very close
agreement between the energy values for the 2P state in columns () and (¢) justifies the
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use of (12) as giving an adequate approximation to the contribution to the energy from
the effect of the superposition of the higher configuration considered, and a similar
method has been used for estimating these contributions for the other states of ionization.

In columns (d) and (e) of Table VI are given intermultiplet separations calculated
using the wave functions without exchange and (d) without, (¢) with, the inclusion of
superposition of configurations in the energy calculations. They are quoted from
Hartree and Black (1933) and Hartree and Swirles (1937) respectively.*

The last column of the table gives the observed energy values reckoned from the
normal state of O**. Accurate total energy values for the (2s) (2p) shell cannot be given
on account of the lack of a well determined ionization energy for O**++.

Comparison of the observed intermultiplet separations with those calculated shows
that whereas for the original results of Hartree and Black (column (d)) the calculated
separation between the lower two terms, 2D —4S, is about right and the upper term
(?P) a good deal too high, and, as shown by column (¢) and noted by Hartree and
Swirles, the effect of the superposition of configurations was to over-correct the upper
term, now the extreme term separation 2P —4S is about right, and the intermediate 2D
is relatively too high.

As far as the ratio of the intermultiplet separations is concerned, the last line of the
table shows that the final result of the present calculations (column (¢)) is very much the
same as that obtained by the rougher approximation of Hartree and Swirles (column
(¢)). The simple Slater theory (1929) gives a value 2/3 for the ratio (2P —2D) /(2D —1S),
the observed value for O* is 0-51, whereas the best calculated value is 0-37. Thus the
effect of superposition of configurations, as far as we have taken it, over-corrects the
value given by the simple Slater theory by a factor of nearly 2.

The residual differences between the calculated intermultiplet separations in column
(¢) and the observed separations in column (¢) are presumably due to the combined
effect of the superpositionof otherconfigurationssuchas (2s) (2p)* (3s) and (25)2 (2p)2 (3),
which together give a number of terms of the same parity, L, and § as the normal con-
figuration, and of the dependence of the wave function for the whole atom on the
mutual distances 7; between the individual electrons. It does not seem possible to take
either of these into account without a great deal of additional elaboration both in the
algebraical and in the numerical work.

Table VII gives values for the total energy of the (2s) (2p) group calculated from
wave functions obtained by the solution of Fock’s equations including exchange only,
and (a) without, (b) with, the inclusion of the effect of superposition of configurations
in the energy formula. The results (), where they differ from the corresponding results
(a), were calculated from (12).

Except for O* the third decimal in the calculated results is hardly significant. For

* In these papers, the ionization energy of the *S term is given as 1-301, and the *D —*S separation
correspondingly as 0-134. We are indebted to Dr C. W. Ufford for pointing out the error.
1 See Bacher and Goudsmit 1932, Table O IV, p. 343.
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O*+* and O** the third decimal in the ¢ values is not established by the three decimal
calculations of the radial wave functions, and for neutral O and O~ some of the F
integrals, which are only accurate to three decimals, are multiplied by 8 or 10. A third
decimal has been retained throughout Table VII, however, as it is significant in some
of the differences between entries in the table, for example in the differences between
columns (4) and (¢).

TABLE VII. TOTAL AND IONIZATION ENERGIES

Total energies of

(2s) (2p) shell Ionization energies
(a) (b) (a) (8) (¢) Observed

O+++2p —11-980 —12-036
O++ 3P —13-996 —14-021 2-016, 1-985 1-988 2025 |

D —13-887 —13-912 1-907, . 1-886, 1-889 . 1-934 .

1S —13-724 —13-837 1-744 1-781° 1-741 1-829
O+ 4§ —15-265 —15-265 1-269 . 1-244 1-258 1-290,,,

D —15-126 —15-126 1-130° 1-105° 1-129° 1-167 ¢,

’p —15-031 —15-073 1-035 1-052 1-042 1-105
O P —15-679 —15-679 0-414 0414 0-416 . 0-500 _,

D —15-603 —15-603 0-338, . 0-338 . 0-343, o 0-428
_ 1S —15-490 —15-517 0-225 0-252 0-234 0-347
Oo- 2P —15-698 —15-698 0-019 0-019 0-08

(a) Calculated including exchange but not superposition of configurations.

(b) Calculated including exchange in evaluation of wave functions and energies, and superposition
of configurations in evaluation of energies only.

(¢) Calculated from wave functions evaluated without exchange (see Hartree and Black 1933,
Table V).

Values of the ionization energies corresponding to the various values of the total
energy are also given, and, for comparison, those originally calculated by Hartree and
Black (column (c)) and the observed values.] It will be noted that although (pre-
sumably) the better wave functions give a lower value of the #ota/ energy, several of the
calculated ionization energies in column (b) show rather worse agreement with the
observed values than those in column (¢). But where the normal configuration gives
three terms, the uppermost is always brought into better agreement with the observed
term.

The result for O~ shows that, to the accuracy of these calculations, O~ is not only a
possible structure but is energetically stable. Further, the differences between the
calculated and observed ionization energies for the other states of ionization leave little
doubt that a more accurate calculation, if it could be carried out, would give a higher
positive value of the ionization energy of O~ in general agreement with Lozier’s (1934)
experimental value, though a rather higher value, perhaps between 0-12 and 0-15,
might be expected.

1 The value for O~ is that quoted by Massey (1938, chap. 1, § 421) from the work of Lozier (1934).


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A

a
)\
LU

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

yA \
V. \
AL A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

246 D. R. HARTREE, W. HARTREE AND B. SWIRLES

The intermultiplet separations for neutral oxygen in column (4) show a fairly good
agreement with the observed values. For the other states of ionization the agreement
is better than that shown by those in column (¢) but not to any very marked extent, so
that the present calculations have not provided a complete quantitative account of the
deviations from Slater’s values for the ratios of these separations.

Another point in this connexion, which remains unexplained, is the close agreement
of the ratios of the intermultiplet separations with Slater’s values in the case of sulphur.
The (3s) (3p) shell of sulphur, in each state of ionization, would be expected to have very
much the same properties, qualitatively and roughly quantitatively, as the (2s) (2p)
shell in the corresponding state of ionization of oxygen, and it seems surprising that the
effects of superposition of configuration should not be comparable with those in oxygen.

7. SUMMARY

In the simplest approximation to the structure of a many electron atom, each term
is regarded as arising from a single configuration of one-electron wave functions. When,
to this approximation, two or more configurations give terms of the same parity, L, and
S, not greatly different in energy, an appreciably better approximation may be obtained
by taking, as the wave function for each term, a linear combination of the wave functions
for the various configurations. The term “‘superposition of configurations” is used to
denote the use of such linear combinations.

The effect of this superposition of configurations can be taken into account in the
calculation of energy values only, or in the determination of the one-electron wave
functions also. The latter requires an extension of Fock’s equations, and in the present
paper this extension is worked out for the superposition of the (np)?*2 configuration on
the normal (7s5)2 (np)? configuration of atoms with an incomplete 8-shell. The solution
of these equations involves a set of calculations, each of which is similar to a complete
solution of Fock’s equations, for a set of trial values of a parameter expressing the
relative amplitudes of the wave functions for the two configurations.

For O, the normal configuration (2s)?2 (2p)3 gives *S, 2D, and ?P terms, of which only
the highest (2P) is subject to the superposition of the (2p)% configuration. A full solution
of the extended equations has been worked out for this case. The effect of superposition
of configurations on the radial wave functions is found to be small, less than 1 in 200 of
their greatest values, and the consequent effect on the total energy of the (2s) (2p) shell
very small, about 1 in 4000. This small improvement of the energy value did not seem
to justify the solution of the extended equation for other states of ionization, and for
these solutions of the ordinaryFock equations only have been evaluated, though super-
position of configurations has been taken into account in calculating energy values.
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